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ABSTRACT 
For certain choices of m and n, we determine the minimum permanents and 
minimizing matrices on the faces of $12,+,, the polytope of (m + n) X (m + n> doubly 
stochastic matrices, whose nonzero entries coincide with those of 
where J is the matrix with all entries equal 1, and I is the identity matrix. 
INTRODUCTION 
Let D = [dij] be an n-square (0,l) matrix, and let 
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Then n(D) is a face of a,, the polytope of n-square doubly stochastic 
matrices, and since it is compact, Cl(D) contains a minimizing matrix A such 
that per A < per X for all X E Ln( II). 
Recall that an n-square nonnegative matrix is said to be fully indecom- 
posable if it contains no k X (n - k) zero submatrix for k = 1,. . , n - 1. 
Brualdi [I] defined an n-square (0,l) matrix D to be cohesive if there is 
a matrix 2 in the interior of CR 0) for which 
perZ=min{perX]XEfi(D)]. 
And he defined an n-square (0,l) matrix D to be barycentric if 
perb( D) = min{perX]X E a(D)}, 
where the barycenter b(D) of Cl( 0) is given by 
where the summation extends over the set of all permutation matrices P 
with P < D, and per D is their number. 
Let J,,, be the r X s matrix with all entries equal to 1, and I,, be the 
identity matrix of order n. 
The purpose of this paper is to determine the minimum permanents and 
minimizing matrices on the face R(D) of fi, for two certain fully indecom- 
posable (O,l> matrices D which contain the identity submatrix and some 
zero submatrices. This extends the theorems in [l], [6], and [7]. 
LEMMA 1 (Foregger [2]). LRt D = [dij] b e an n-square fully indecompos- 
able (0,l) matrix, and A = [ aij] be a minimizing matrix on fi( D). Then A is 
fully indecomposable, and for (i, j) such that dij = 1, 
perA(i]j) =perA if aij > 0, 
perA(ilj) > perA if aij=O. 
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In [6], Song considered a certain (n + 3)-square (0,l) matrix V,,,, contain- 
ing an identity submatrix of order 3, and he determined the minimum 
permanents and minimizing matrices on fl(V,,,) for m = 2 and m > 5 as 
follows: 
THEOREM 2 (Song [6]). Form > 2, let 
(1.1) 
Then we have a minimizing matrix form on the face O(V,,,,,> as follows: 
A= (1.2) 
where bi is a column vector with bi as all its entries, and b: is the transpose 
of b, for i = 1,2. The matrix V,,, 3 is cohesive and 
particular, 
not’ barycentric-. In 
(1) the minimum permanent on the face fl(V& is 
where b is the unique real root of the equation 
44b3 -32b” +9b - 1= 0; 
(2) the minimum permanent on the face R(V,,,,,) is 
m!a’“-“[(m-l)mb4+2mab2x+a”x2], 
(1.3) 
(14 
(1.5) 
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where ma = I- 3 b, x = 1 - mb, and b is a real root of 
m”+6m+20+27 3,n+21_?+~ s+?+!?+? b3 
m m m2 m m2 m3 
- ( “+$+zJb’+(-$+-$)b-$0 m (1.6) 
for m > 5. 
But in [6] Song could not determine the minimum permanents and 
minimizing matrices on fi(V,,, 3) for m = 3,4. In this section, we determine 
the minimum permanents on &V,,,,,) for all m 2 3. 
THEOREM 3. The minimum permanent on the face fl(y,,,,> is the same 
as (1.5) with the equation (1.6) f or all m > 3. And the minimizing matrix is 
the form of (1.2) with b, = b,, x, = x2, and a, b,, x, all positive. 
Proof. By Theorem 2, a minimizing matrix on the face fi(V,,,,) is of the 
form A in (1.2). Assume that 
b, z b,. (1.7) 
Since V,,, s is a cohesive matrix, we have 
O=perA(m+l]m+l)-perA(m+3]m+3) 
+a(m+l)(l-ma)b,-a(l-a-ma)]. (1.8) 
Then the inequality of b, and b, shows that the quantity in the large bracket 
of (1.8) must be zero. That is, the equation 
g(b,)=(m-l)bi-( m-l)(l-ma)bi+a(m+l)(l-ma)b, 
-a(l-a-ma)=0 (1.9) 
must have at least one real root in the interval (0,1/m). 
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Case 1. g(b,) = 0 cannot have three real roots, by cases 1, 2, and 3 in 
[6] (see [6, p. 2741). 
Case 2. g(b,) = 0 has one real root (Y E (0,1/m) and two imaginary 
roots /?, y. Then we have 
(m-l)” 1 
ma 
<a<- 
m+l 
from g(O)g(l/m) < 0. Since 
(m-1)” 2m-1 
b,+2b,=l-ma<l-m =p 
m0 m2 
and 
we have 
b b < Pm-$ 
1 2 8m” 
Consider 
(1.10) 
(1.11) 
O=perA(lIm+l)-perA(lIm+3) 
=m!a7’1-3(b2-bl)[((m-l)b,b,-a}{(m-2)b~+ax,}-ab~]. 
(1.12) 
But b, + b, from (1.7), and the quantity in the large bracket in (1.12) is 
negative because 
(m-l)blb2-a< 
(m-1)(2m-1)’ (m-l)” 
8m4 + m3 
=-$(-4 m3+8m”-3m-1) 
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where the inequalities follow from (1.10) and (1.11). Hence we have a 
contradiction that (1.12) is not zero. 
By case 1 and case 2, we have b, = b,. Then we get Equation (1.6) from 
the equality of perA(llm+3) and perA(m+3]m+3). And the minimum 
permanent on the face R(V,,,,) follows from perA(m +3]m +3), which is 
the value in (1.5) with (1.6) for all m > 3. n 
In this section, we consider the Cm + n)-square (O,l) matrix W,,,,, as 
follows: 
w = 1,~) n
We determine the minimum permanent and a minimizing matrix on the face 
fi(W,,_). This extends the results in [6] and [7]. 
THEOREM 4. For n 2 3 and m > 2 there is a minimizing matrix on the 
face CNW,,,,) of the form 
I 
;L2,.. j On-e,* 
--------_;------___ 
I 
Gtn I $?,. 
_--------k------___ 
bJ,,m ; (I-mb)Z, 
Zf n > 4, then a = 0, b = 2/mn, and the minimum permanent is 
m! 4(n-l)(n-2)“-” 
-X 
mm n n+l 
(2.1) 
(2.2) 
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If n = 3, then b is the unique real root of the equation 
llrn’ b3 - 16mb” +gb - 2 = 0, 
m 
a = (2 - 3mb)/2 m > 0, and the minimum permanent is 
(m-l)! 
2m 
,n_2 (2.3) 
Proof. Choose A so that it has the minimum permanent on the face 
Q(W,,, ,>. Then A is fully indecomposable by Lemma 1. Since the first m 
columns and the first m - 2 rows of W,,,, n are the same, respectively, we can 
replace each of the first m columns and the first m -2 rows of A by their 
average (by Theorem 1 in [3]). We can also replace the (m - 0th and mth 
rows by their average. Then the resulting matrix Z has the same permanent 
as A. and has the following form: 
z= 
with 
0,,,4,” 
________________.---------------------- 
aJz, ,,, 
;bl ;h, ... ;b,, 
;bl ;b, ... tl,a 
________________-___------------------ 
b, b, ... b, Xl 0 
. . . . 
b,, I,, ... d,, 0 XII 
(2.4) 
2a+ ?I,,=” 
n 
ma+ C and mb, + x, = 1 (2.5) 
j=l 
m’ j=l 
for i=l 2 > >...> n. For k =1,2 ,..., n, the full indecomposability of Z implies 
that b, z 0 and hence 
perZ=perZ(m-llm+k) 
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b,=max{bkIk=1,2 ,..., n}. (2.6) 
In order to know the relation between b, and b,, we calculate 
O=perZ(m-llm+l)-perZ(m-llm+2; 
m!( b, - b,) m m 
= 
m”“-” ax3.. . x,, + Tb;x, . . . x, + -x3b,2x, *. . x, 2 
+ . . . + tx3.. . x ._,b,2 - ;bIb,r,. . . x, .1 (2.7) 
The quantity in the large bracket in this equation is greater than or equal to 
m m 
-x3 
2 
. . . x,_lb,” - ;b,b,r, . . . x, = --x3 6.. 
2 X,&,2 - b,b,xn) 
> fr3 . . . x,_,(b,z - b,b,.l) 
by (2.6). So we have b, = b, from (2.7). Similarly, we have b, = bj for 
j=2,...,n - 1. Hence 
(n-l)b,+b,+2a=i. (2.8) 
Then (n - l)b, + b, < 2/m by (2.6) and (2.8). That is, 
2 2 
b, < - and x,=1-mb,al--. 
mn n 
Casel: n&4. Then 
(2.9) 
2 1 
x,>l--a--. 
n 2 
(2.10) 
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Consider 
per Z( m - llm + 1) -per Z( m - 111) 
m(n-2)b;r,+~~~, +ax x 
2 
2 1 In 
m(n-1) 
- Xl ar,x, -I- 2 
b;x, + fb;x, 
I 
= WY,;_” 
mm-2 
ux,x,( 1-2x,) + ;b;q( 1-2x,) 
+ 
m(n-2) 
2 
bfx,( 1-2x,) - ;b;x,x, 
I 
> (2.11) 
where the second equality follows from replacing mb, by 1 - xi. Now, 
consider two subcases: 
Subcase 1.1. If xi = i in Equation (2.10), then b, = 1/2m and n = 4. But 
b,<b,+2a=2/m-(n-l)b,=1/2m=b,. So we have b,=b, by (2.6) 
and hence a = 0 from this equation. Therefore the minimum permanent on 
MW, J is 
1 4x3x22 
per Z( m - l(m + 1) = “. 
mm 45 ’ 
(2.12) 
as required in (2.2). 
Subcase 1.2. If x1 > i in Equation (2.101, then n > 5 and the value of (2.11) 
is negative. So a must be zero by Lemma 1. Consider 
O=perZ(m-l(m+l)-perZ(m-llm+n) 
= ---$(bI - b,)x;-3 (n -22)mbf - ;b,b,x, I 
m!( b, - b,)b, 
= 
2mme2 
mxrW3[(n -2)b, - b,x,]. (2.13) 
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Equation (2.13) implies that 
b,-b,=O or ( n -2)b, - bnXl = 0. (2.14) 
Assume that (n - 2)b, - b,,xr = 0. Using Equation (2.81, we have 
0 = (n -2)br - b, rr=(n-2)b,- 
[ 
&(n-l)b, (1-mb,) 1 
=(2-mb,) (n-l&m 
[ 1 
From this equation, we have that b, = l/m(n -1) rl=(n -2)/(n - l), 
b, = l/m, and x,, = 0. This leads to a contradiction as follows: 
O<perZ(m+nJm+n)-perZ(m+llm+l) 
m! (n-2)“-” m! x (n-2)n-2 
z-x -- 
mm 4(n-1)” m”’ 2(n-1)“-’ 
m! (n -2)n-2 
z-x 
rnln 4(n-1)” 
[1-2(n-1)] 
<o. 
So (n -2)b, - bnx, # 0. Thus we have b, = b, from (2.14). Hence 
r?,2 n-2 and x1=- 
mn n ’ 
Therefore we have the minimum permanent 
perZ=perZ(m-lJm+1) 
m! 4(n-l)(n-2)“-’ 
C-x 
mm n n+1 
(2.15) 
(2.16) 
as required in (2.2). 
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Case 2: n = 3. Suppose xi >i. Then Equation (2.11) implies that 
a = 0. By the same method as in (2.13) through (2.16), we get xi = f, which 
is a contradiction. Therefore we have i < x, < $ by (2.9). Since xa 2 0, 
Lemma 1 implies that 
O>perZ(m+llm+l)-perZ(m+31m+3) 
=-&bd,) m[mbf(v-a)+ax,(b3+b,-a)]. (2.17) 
If (b, + bJ/2 < a, then the equation (2.8) implies that 
2 
- = 2a +2b, + b, > (b, + b3) +2b, + b, 2 5b, = 
5(1-x1) 
m m ’ 
Then xi > $, which contradicts the inequality f Q xi < $. Hence (b, + b3)/ 
2 > a, and the quantity in large brackets in (2.17) is positive. Then (2.17) 
implies that b, 2 b,3. Therefore we have b, = b, from (2.6). If u = 0, then 
xi = f by (2.8) and (2.9). Using Lemma 1 and (2.11) with b, = b,, we have 
O>perZ(m-llm+l)-perZ(m-111) 
m! 
=~~b~x,(2-5x,). 
2m 
Then xi > $, a contradiction, since also x 1 = $. Therefore a # 0. To obtain 
the value of b,, we calculate the bracket in (2.11) applying x 1 = 1 - mb, and 
a = l/m - tb,: 
llm’bf-16mbT+9b,-z 
m 
Since 1 - mb, > 0, we have 
h( b,) = llrn’bf - 16mbf +9b, - s = 0 
(2.18) 
(2.19) 
from (2.18). Since h’(b,)= 33rn’bf -32mb, +9 > 0 for all bi, h(1/2m)= 
- 1/8m < 0 and h(2/3m) = 71/27m > 0, the function h(b,) has a unique 
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real root in the interval (1/2m,2/3m). Hence the minimum permanent on 
the face fi(W,,,) is 
(m-l)! 
perZ(m-llm+l) = mtn_2 b,(l-mb,)(5m2bB-5mb,+2) 
(m-l)! 
= 2m”l-” (l- mh,)’ i -5b, +Smb:) 
i 
by using h(b,) = 0 of (2.19), which is the required value in (2.3), where b, is 
the unique real root of h(b,) = 0 in (2.19). n 
We remark that the minimum permanent on fi(W& is the same as the 
value of (1.3) with (1.4) in Theorem 2. Theorem 4 shows that W,,, R is 
cohesive for n = 3 but not for n > 4. It is easy to show that it is not 
barycentric for any n > 3. 
The fact that a = 0 for n > 4 in Theorem 4 aIlows us to deduce a 
minimizing matrix on another face of flnLfn: 
COROLLARY 5. Let W,“,,(O) be the Cm + n)-square (0,l) matrix as fol- 
lows: 
Jw2,m %-2,n ------ ------ 
W,,,(O) = 02.m Jz,n I I ------ ------ J n,m L : 
for m > 2 and n > 3. Then the minimum permanent on the face Cl(W,,,+(O)) is 
fix 4(n-l)(n-2)“-” 
mm l&+1 
(2.20) 
n 
which occurs at the matrix of (2.1) with a = 0. This is the barycenter of 
R(W,,JO)). That is, W,,,B ,,(O) is a barycentric matrix. 
Proof. If 12 2 4, the minimizing matrix (2.1) of Theorem 4 has a = 0, so 
it is also in fl(W,,.(O)) and is a minimizing matrix on this face of fi(W,,,,,) as 
well. If n = 3, for a minimizing matrix on the face CNW,n,.(0)> we may 
choose Z with a = 0 in (2.4). Without loss of generality, we may assume that 
b, < b, < b,. Using a = 0 in Equation (2.71, we have that b, = b,. Moreover, 
by the same procedure as in Equations (2.13) through (2.16) we have that 
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b, = b, = 2/3m. It is easy to show that this minimizing matrix Z is the 
barycenter b(W,,,(O)) h w en a = 0 and all bi = 2/3m, and the minimum 
permanent is 
1 4X2 
perZ(m-Ilm+l)=m.X~, 
mm 
which is the value in (2.20) with n = 3. 
We remark that these results are related to Problem 4 in [I]. Theorems 3, 
and 4, and Corollary 5 show that there is a minimizing matrix such that the 
entries in each equivalence class (for definition, see [I]) are constant. 
Moreover, Theorem 3 shows that a minimizing matrix can be taken to be 
symmetric on n(V,,,,,) when V,,,,,, is symmetric. 
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